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Logical relations for call-by-push-value models,
via internal fibrations in a 2-category

Abstract—We give a denotational account of logical relations
for call-by-push-value (CBPYV) in the fibrational style of Hermida,
Jacobs, Katsumata and others. Fibrations—which axiomatise the
usual notion of sets-with-relations—provide a clean framework
for constructing new, logical relations-style, models. Such models
can then be used to study properties such as effect simulation.

Extending this picture to CBPV is challenging: the models
incorporate both adjunctions and enrichment, making the appro-
priate notion of fibration unclear. We handle this using 2-category
theory: we identify an appropriate 2-category, and define CBPV
fibrations to be fibrations internal to this 2-category which strictly
preserve the CBPV semantics.

Next, we develop the theory so it parallels the classical setting.
We give versions of the codomain and subobject fibrations, and
show that new models can be constructed from old ones by
pullback. The resulting framework enables the construction of
new, logical relations-style, models for CBPV.

Finally, we demonstrate the utility of our approach with par-
ticular examples. These include a generalisation of Katsumata’s
T T-lifting to CBPV models, an effect simulation result, and a
novel relative full completeness result for CBPV.

I. INTRODUCTION

Logical relations are a fundamental tool for proving
metatheoretic properties of logics and programming lan-
guages: for a flavour of their longevity and range of appli-
cation, see [L], [2], [3l], [4]. In their simplest form, logical
relations are families of relations over closed terms, defined
by induction on the types. Denotationally, this data typically
organises itself into a relations model (e.g. [53], [2]], [61]).
A priori there are many different forms of relations models.
However, Jacobs [6] and Hermida [5]] have shown that they can
studied in general using Grothendieck fibrations, a category-
theoretic abstraction which axiomatises the notion of rela-
tion. Because of their rich mathematical theory, Grothendieck
fibrations provide a robust framework for constructing new
models from old ones, as well as capturing many existing
constructions.

In recent years there has been extensive work extending
fibrational techniques to semantic accounts of logical relations
in the presence of effects, in particular monadic models of call-
by-value (CBV) languages (e.g. [41], [40l, [8l, [42], [7]). This
theory forms a powerful and flexible framework for building
semantic models, which has been used for attacking problems
such as definability [9], [10] and effect simulation [16].
However, a corresponding framework is currently lacking for
models of call-by-push-value (CBPV) in their full generality.
While particular cases have been studied (e.g. [S0[, [54]),
we lack a denotational account of logical relations of CBPV

that matches the generality and flexibility of existing work on
CBYV models.

This paper aims to resolve the gap. We introduce a
mathematically-justified notion of fibrations for CBPV models
(Section [TV)), and develop their basic theory. Then we prove a
lifting theorem (Section [V)) which yields a modular framework
for building new CBPV models from existing ones, as we
show through a range of examples (Section [V-A). In partic-
ular, we see that our definition specialises to the expected
syntactic relation on terms. We then put this theory to work
by showing how to prove effect simulation results analogously
to Katsumata’s argument [16] for CBV models (Section .
As a consequence of our foundational perspective, moreover,
we are able to prove a relative full completeness result
(Section establishing semantically that CBPV function
types conservatively extend the first-order fragment.

Fibrations for semantic models. To explain what universal
property we are looking for, and the obstacles to getting it, let
us first consider the situations for the pure and CBV cases.

In semantic terms, Grothendieck fibrations axiomatise the
following situation. Let Pred be the category in which objects
are sets X equipped with a subset (predicate) R C X, and
morphisms (X, R) — (X', R') are functions f : X — X’
preserving the predicates: if © € R then f(z) € R'. There is
a forgetful functor p : Pred — Set with the property that,
if f:X — p(Y,S) in Set, then there is a canonical way
to lift f to a morphism in Pred, using the inverse image:
[ (X, f7YS]) — (Y,S). Thus, a fibration p : E — B
may be thought of saying objects of E are “relations” on
B-objects. Furthermore, Pred is cartesian closed and the
forgetful functor p : Pred — Set preserves this structure
on the nose. Thinking of these categories as models of the
simply-typed A-calculus (STLC), therefore, we see that (1)
a A-term is interpreted as a morphism preserving a certain
predicate; (2) the functor p preserves the interpretation of A-
terms. Thus, the model in Pred refines that in Set with extra
information encoded by the relations.

A key feature of this approach is that it is easy to construct
new fibrational models from old ones. Consider, for instance,
the pullback square on the left below, where A(X) := X x X:

P——E

qy Jp (1)

ATMB

BinPred —— Pred
ql ’ l”
Set T> Set

The objects in BinPred are sets X with a binary relation
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R C X x X, and the maps are functions which preserve the
relation. BinPred is still cartesian closed and the forgetful
functor ¢ is still a fibration so, from our initial fibration, we
have constructed a new model.

This holds in general. Following Katsumata [16]], let us call
a fibration which strictly preserves cartesian closed structure
a STLC fibration. For any STLC fibration p as on the right
above, the pullback ¢ along a product-preserving functor F'
will also be an STLC fibration. Thus, starting from STLC
fibrations we have a robust and flexible way to construct a
wide range of STLC models.

Lifting CBV models. The framework just outlined for con-
structing new models extends to the effectful setting. Let us
call a (Moggi-style) CBV model a cartesian closed category
C equipped with a strong monad (T, u,n,t) (see e.g. [14],
[15]). An effectful program I' = M : A is then interpreted as
a morphism [I'] — T[A] in C [12], [13]. We want a “CBV
fibration” to capture situations when one CBV model is a
refinement of another, just as we had for STLC fibrations.
Thus, the appropriate notion should be a fibration which
strictly preserves the interpretation of terms. If (C,T) and
(C,T) are CBV models, we say p : C — C is a CBV fibration
if is an STLC fibration which also preserves all the monadic
structure, so that ;ET = Tp, pu& = whe. b = i C,
k& = 17]7;0 and ptl = tZC for every C' € C.

Just as every STLC fibration led to new STLC models, so
every CBV fibration leads to new CBV models, as follows.
Recall that if (S,#%) is a strong monad on B and (7,t7) is
a strong monad on C then a strong monad morphism consists
of a functor F' : B — C and a natural transformation -y :
FS = TF which is compatible with the unit, multiplication,
and strengths (see e.g. [17], [16]). Given a CBV fibration p
and a strong monad morphism (F,~) in which F" is cartesian,
there is a universal choice of model (B, .S) lying over (B, S):

(B,S) ----- » (C,T)
Ll
(B, S) ((C T)

The monad S is defined at an object (B € B,C € C) by
applying the universal property of the fibration p to the arrow

v : FS(B) = TF(B) = p(TC)

We can also use the language of fibrations to express this
universal property, as follows.

Definition I.1. The category CBV™ has objects CBV models
(C,T) and morphisms strong monad morphisms (F,7) in
which F is a cartesian functor. Note that F' need not preserve
exponentials. The category CBV, of CBV model liftings has
objects CBV fibrations p : (C,7) — (C,T). A morphism
p — p’ consists of CBV*-maps (F ,'y) ((C T) — (T, 1)
and (F,v) : (C,T) — (C',T') which commute with the
fibrations, so that p’ o F' = F o p, and similarly on the natural
transformations ~ and 7.

We then obtain the following lifting result (cf. [8], [10]),
which is the CBV-model version of the pullback in (T).

Proposition 1.2 (Generalised T T-lifting). The functor
CBV,; — CBV”* sending a CBV fibration p to its codomain
is a fibration.

From CBV to CBPV. We want a version of the theory just
sketched, but for CBPV. Thus, we require (1) a notion of
CBPV fibration, and (2) a lifting theorem as in Proposition[[.2]
However, a CBPV model consists of a cartesian category C
and a locally C-indexed category C (see Definition [IILI));
abstractly, a locally C-indexed category is a category enriched
in the presheaf category PC.

It follows that we cannot ask CBPV fibrations to be functors
preserving the semantics: this is not even well-typed. More-
over, just as in (2) we allowed the base categories to vary,
morphisms of CBPV models may also change the enriching
category C. Thus, we cannot even define the right notion of fi-
bration by taking the PC-enriched definition (and if we could,
the theory of enriched fibrations [18]], [19], [20] is motivated
by quite different concerns—namely the correspondence with
the Grothendieck construction—so it is not clear this would
do the right thing). Nor is it straightforward to simply write
a definition by hand: if one looks at the concrete definition
of morphisms of CBPV models, there appear to be choices in
how to define the universal property of a “CBPV fibration”
(see Remark [TV7). To obtain a principled definition of CBPV
fibration and its corresponding theory, therefore, we must look
elsewhere. This is the technical core of the paper.

Outline of the paper. We use 2-category theory to resolve
the difficulties in defining CBPV fibrations. We introduce a
2-category LInd of locally indexed categories (Section
and identify the fibrations internal to this 2-category (Sec-
tion [[V-B). Just as an STLC fibration is a fibration in Cat
which preserves STLC model structure, so we define a CBPV
fibration to be a fibration in LInd which preserves CBPV
model structure (Section[[V-D). An immediate consequence of
this approach is that the rich theory of fibrations still applies to
our definition. We highlight this by developing locally indexed
versions of important constructs in the theory of STLC and
CBYV fibrations, such as the codomain and subobject fibrations.

Next, we prove a lifting theorem for CBPV fibrations
(Theorem [V.2), thereby regaining the situation sketched in
Proposition @ As for CBYV fibrations and STLC fibrations,
this is a useful source of examples: we sketch several in
Section [V=A] then show how our theory can be used to adapt
Katsumata’s effect simulation framework [[16] from CBV to
CBPV (Section |[VI).

The foundational nature of our theory means that we have
many of the ingredients needed to prove a semantic relative
full completeness result in the style of Lafont [56]. We do this
in Section thereby obtaining via our semantic technology
a proof that CBPV function types are conservative over the
first-order fragment. Finally, in Section we outline the
sense in which our lifting theorem is part of a general
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mathematical phenomenon, which applies both to CBV models
and to CBPV models.

Notation. We assume familiarity with Grothendieck fibra-
tions: for an introduction, see e.g. [6]. We write C™ for the
arrow category, in which objects are maps in C and morphisms
are commuting squares, and Sub C for the full subcategory
obtained by restricting the objects to monos. In both cases we
write cod for the codomain functor into C. If p: E — B is a
fibration, we denote the products and exponentials in [E by *
and D. We assume throughout that all fibrations are split.

II. 2-CATEGORY THEORY

We assume the basics of 2-category theory, in particular
the definition of 2-categories, 2-functors, and transformations.
For a textbook length introduction, see e.g. [21]], [22]. We also
provide a brief summary in Appendix

We write C,DD,... for categories and C,D,... for
2-categories. The four 2-categories of 2-functors C — D, strict
/ pseudo / lax / oplax natural transformations, and modifica-
tions, are denoted [C, D], [C, D]ps, [C, D]ix and [C, D]opix, re-
spectively. Lax natural transformations are directed as follows:

Fc 1y por
| B o
GO~ GC'

We use the following notation for common 2-categories.
Recall that a cartesian category is distributive if it has finite
coproducts and the canonical morphism [X x idp, X X id¢] :
(X xB)4+ (X xC) — X x(B+C) is invertible, and that a
bicartesian closed category (or biCCC) is a cartesian closed
category with finite coproducts.

e Cat is the 2-category of categories.

o CartCat and DistCat are the 2-categories of cartesian
categories and distributive categories, respectively. In
each case the 1-cells are functors preserving the structure
up to isomorphism, and the 2-cells are all natural trans-
formations. We write CartCaty and DistCatg; for
the sub-2-categories with the same objects and functors
strictly preserving the structure.

A. Adjunctions and their morphisms

CBPV models are defined using adjunctions internal to a
2-category. We recall the definition.

Definition II.1. An adjunction in a 2-category C consists of
x1-cells f: A< B : u together with 2-cells  : idg = uo f
and ¢ : f ou = idp satisfying the usual triangle laws.

Example II.2. An adjunction in CartCat is an adjunction
between cartesian categories such that both the left and right
adjoints are cartesian.

We shall also need morphisms between adjunctions. For this
we shall see adjunctions as certain 2-functors and then define
maps of adjunctions and their 2-cells as the corresponding
transformations and modifications (cf. [23]], [24]]).

Let Adj be the 2-category freely generated by the data of an
adjunction, namely two objects e and *, 1-cells [ : @ = x : u,
and 2-cells 7 : ide = uwo f and € : f ou = id, satisfying
the triangle laws. A 2-functor Adj — C is then equivalently
an adjunction in C. It follows immediately that any 2-functor
preserves adjunctions.

Definition II.3. We write Adj(C)s, for the 2-functor category
[Adj,C]w, where w € {st, ps,Ix, oplx}. We call the 1-cells
strict / pseudo / lax / oplax adjunction maps and the 2-cells
adjunction 2-cells.

A lax adjunction map ({: X SY :r) = (f: AS B:u)
consists of 1-cells m: X — A and n: Y — B together with
2-cells as shown below

X ‘5 v Yy —"s X
P
AT>B B—— A

which are moreover compatible with the units and counits, in
the sense that the following two diagrams commute:

ot
0 —1 s mrt

wte e @

ufl ——— unf

nsé,n
nlyr —— n

(XT‘J/ Taf,un

fmr T fun

This is a strict adjunction map when « and [ are both
the identity. One then recovers the notion of morphism of
adjunctions commonly used for showing the terminality of the
Eilenberg—Moore category (as in e.g. [25, §IV.7]).

B. Fibrations

We shall make extensive use of fibrations internal to a
2-category. These have been studied extensively (e.g. [26],
[27]); for a readable introduction to the theory, see [28].

Definition IL.4. Let C be a 2-category. A fibration in C is a
1-cell p: E — B such that
1) For every X € C, the functor po (—) : C(X,E) —
C(X, B) is a fibration in Cat, and
2) For every h : Y — X the following defines a morphism
of fibrations (see e.g. [29, Definition 2.6]):

DN oy, B)

l”"(‘)

Y,B
m’c(a )

C(X,E)

po(—ﬂ

C(X,B)

An opfibration is (somewhat unfortunately) defined to be a
fibration in C®°.

Fibrations in a 2-category inherit many of the properties
of fibrations in Cat. For example, it is immediate that the
identity is always a fibration and that fibrations are closed
under composition. An (op)fibration in Cat is exactly an
(op)fibration in the usual sense.
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The next result shows this is a general phenomenon about
categories with algebraic structure. Just as algebras for monads
describe algebraic structure on objects of a category, so
algebras for 2-monads describe algebraic structure on cate-
gories. For an introduction to this approach, see [32]. For the
definition of algebras and their morphisms, see e.g. [33], [34].

Proposition I1.5. 1) If T is a 2-monad on a 2-category C,
and (f, f) is a pseudomorphism or strict morphism of
algebras T-pseudoalgebras such that f is a fibration in
C, then (f, f) is a fibration in T-Alg.

2) Right adjoint 2-functors preserve fibrations.
Hence, (f,f) is a fibration in T-Alg if and only if its

underlying map is a fibration.

This theorem covers CartCat, DistCat and similar cases.

To characterise fibrations in our particular example, we
will need some simple 2-categorical limits. For an extensive
discussion of both limits and fibrations, see [30].

Definition IL6. Let (A Lo B) be a cospan in a 2-
category C. The comma object f | g is the universal object
with a 2-cell as shown below: see e.g. [30, §2.1] for the precise
universal property.

flg—=B

)| = s
Aﬁ()

The pullback of g along f is defined analogously, except the
square must be filled by an identity: see [30, §2.1].

It follows from the corresponding fact in Cat that fibrations
in a 2-category are closed under pullbacks.

Example IL.7. The comma object (F' | G) in CartCat is the
usual comma category (e.g. [23} §11.6]) with cartesian structure

(FA 2L GB) x (FA" 25 GB') defined to be
F(Ax A) S FAx FA' 275 GB x GB' = G(B @ B')
Similar remarks hold for DistCat.

Example IL.8. In any 2-category with comma objects the
arrow object C~ on C is defined to be the comma object
(id¢ | ide). In Cat this is exactly the arrow category C.
The definition of the comma object also gives a map we denote
cod : C7 — () this is always an opfibration.

Example I1.9. DistCat does not have all pullbacks. Indeed,
recall that the pullback of /' : A - Cand G : B — C in
Cat has objects pairs (A € A, B € B) such that FA = GB.
But if F' and G only preserve products up to isomorphism,
(A; x Ay, By X By) may not be an object of the pullback
even though both (A;, B;) are. However, DistCaty; has
all pullbacks. Moreover, if p is a bifibration which strictly
preserves products and coproducts then the pullback along
any map exists in DistCat (cf. [[16, Proposition 6]). Similar
remarks apply to CartCat.

III. DENOTATIONAL MODELS OF CBPV

We refer to Levy’s extensive works [33], [36l], [37]] for the
syntax and semantics of CBPV. There are several equivalent
ways to phrase the data of a denotational model (see [38|
Chapter 11] and [38, §15.1]), so we make our choice explicit.

A. Locally indexed categories

The basic data of a CBPV model is a locally indexed
adjunction. This is an adjunction in the 2-category P(C)-Cat
of categories enriched in a presheaf category PC. We recall
from [35], [36] some of the basic definitions. Throughout this
section, fix (C, x, 1) to be a cartesian category.

Definition III.1. A locally C-indexed category C consists of:

1) A collection |C| of objects A4, B, ....

2) For each ¢ € C a category C. with objects |C|. Thus for
each A,B € C we have a set C.(A, B) of morphisms
over ¢, denoted f : A - B;

3) Foreach p: d — ¢ in C an identity-on-objects functor

(=)<p : C. — Cq4, subject to the following axioms for
plie—d f:A—=Bandg:B—C:

faide=f  falpop)=(fap)<p
(gof)ap=(g<p)o(fap)
Example IIL.2. The locally C-indexed category self C has
objects as in C and (self C)¢ (A, B) := C(C x A, B).

Definition IIL.3. A locally C-indexed functor F' : C — D
consists of a mapping |F| : |C| — |D| on objects and, for
every ¢ € C and A,B € C, a mapping F. : C.(4,B) —
D.(FA, FB) such that F, defines a functor C. — D, and
is compatible with renaming: F.(f<p) = F.(f)<p for any
p:d— cin C. We drop the subscripts where they are clear
from context.

Definition II1.4. A locally C-indexed transformation o : F =
G : C — D consists of an arrow a¢ : FFC — GC for each
C € C, natural in the sense that for any f: B — C in C the
following diagram commutes in D,: ‘

FB -1, po

OLBQ!CJ/ c J{acq!c

GB — GC

“4)

Notation IIL.5. We henceforth adopt the notation used in (@):
when writing a diagram in a locally indexed category, we
indicate the index by writing it in the centre of the shape.

We write C-LInd for the 2-category of locally C-indexed
categories, locally C-indexed functors, and transformations
categories. As remarked above, this is exactly P(C)-Cat.

Definition IIL.6. A locally C-indexed adjunction is an ad-
junction in the 2-category C-LInd. This is a pair of locally
C-indexed functors F' : C = D : U with locally C-indexed
transformations 7 : id¢ = UF and ¢ : idp = F'U satisfying
the usual triangle equalities as composites in D;.
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B. CBPV models

In order to model CBPV a locally indexed category needs
to model the product and function types.

Definition IIL.7 (e.g. [36, §5]). Let C be a bicartesian category
and C be a locally C-indexed category.

1) C has (countable) products if for every countable family
of objects (B; | i € n) there exists an object [[, B; € C
and arrows ; : HL B; — B, inducing an isomorphism
C.(A, 11, Bi) = 1],Cc(A, B;) natural in ¢ and A.

2) C has (C-indexed) powers if for every ¢ € C and B € C
there exists an object ¢ = B € C and an arrow eval :
(c = B) & B inducing an isomorphism Cpx.(A, B) =
Cp(A, c = B) natural in ¢ and A.

3) The coproducts in C are distributive in C if for all a,b; €
C and A, B € C the following map is invertible:

CGXZi bi(AvB) - Hz CaXbi(A’B)
f = (fq(ida X ln.]z))7

A CBPV model is now defined by taking the appropriate
universally-defined structure for each CBPV construct.

Definition IIL8 (e.g. [36, §5]). A CBPV model consists of
a bicartesian category C and a locally C-indexed adjunction
F :self C = C : U such that C has products and powers, and
the coproducts in C are distributive in C.

For the sake of exposition, in this paper we will focus on
relatively simple classes of CBPV models. We refer to [36)
p- 85] and [35]] for the details of these and many other models.

Example IIL9 ([36, §7]). As expected, the syntax forms a
model. For any signature S of value base types, computation
base types, and operations one may freely generate a theory
and its classifying syntactic model Syng.

Example III.10 (Algebra models). Let C be a biCCC and
(T, t) a strong monad (see e.g. [14], [15]) on C. The category
CT of T-algebras becomes a locally C-indexed category
EM(T) by taking maps (A, a) — (B,b) to be maps ¢ X A —
B that are right linear [39]]. The ‘Ffree—forgetful adjunction then
becomes a CBPV model F7T :self C = EM(T) : UT.

Example ITL.11 (Storage). Let (C, x,1,=,0,+) be a biCCC
and S € C be a fixed object of “states”. The adjunction (—) x
S - S = (—) defines a CBPV model self C = self C.

IV. CBPV FIBRATIONS

In this section we introduce CBPV fibrations. Our approach
closely follows the pattern for monadic models of CBV in the
style of Moggi [13], [12] pioneered by Katsumata [8]], [9],
[16] (see also [40], [41], [42], [10]). We begin by defining a
2-category of locally indexed categories (Section [[V-A), and
identify the locally indexed fibrations as fibrations internal to
this 2-category (Section [V-B). In the locally indexed setting,
these play the same role that traditional fibrations do in the
non-indexed setting. We shall then define a CBPV fibration
to be a locally indexed fibration that strictly preserves the

structure of a CBPV model (Section [V-D). Along the way
we shall also see that the general theory leads directly to a
variety of examples, in the form of locally indexed versions
of the codomain and subobject fibrations.

A. The 2-category LInd

We begin by defining the 2-category of locally indexed cat-
egories. The objects are pairs (C,C) consisting of a cartesian
category C and a locally C-indexed category C.

To define the 1-cells we need to allow the indexing cate-
gories to vary. To this end, observe that any cartesian functor
f:V — W induces a cartesian functor f* : P(W) — P(V)
by precomposition, and hence—by change of base (e.g. [43,
§6.4])—a 2-functor W-LInd — V-LInd which we also
denote by f*. Explicitly, if C € W-LInd then f*C has the
same objects and hom-presheaves defined by (f*C)v := Csv.
Composition and identities are as in C, and reindexing along
p in f*C is given by reindexing along f(p) in C.

We may now define a locally indexed functor (f,F) :
(C,C) — (D, D) to be a cartesian functor f together with
a locally C-indexed functor F' : C — f*D. This smoothly
handles reindexing: a map k € C.(C,C") is sent to a map
Fk e (f*D).(FC,FC") = Ds.(FC,FC").

The 2-cells are defined similarly. Indeed, both change-of-
base and the passage from functors f between categories to
functors f* between presheaf categories are 2-functorial [44],
[45]. Thus, every natural transformation v : f = g defines
a strict natural transformation v* : ¢g* = f* : W-LInd —
V-LInd. The component (y*)c at C € W-LInd is the
identity-on-objects V-LInd-functor which reindexes along ~:

()e(V) = (g7C)y = Cpv 2%~ ¢py = (70

We define a locally indexed 2-cell (f,F') = (g,G) : (C,C) —
(D, D) to be a natural transformation vy : f = g together
with a locally C-indexed transformation 7 : F' = (a*)p o G.
Concretely, 7 is a family (Y : FC - GO) ;e such that for

any k : C — C’ in C the following diagram commutes:

rc 2%, per

Yo qlcl fle) \bc/ Qle (5)
1
GOGT) q%GC

Definition IV.1. We write LInd for the 2-category of locally
indexed categories, locally indexed functors, and locally in-
dexed transformations.

Remark IV.2. Abstractly, LInd is the 2-Grothendieck con-
struction [46], [47] of the 2-functor K : DistCat®°? —
2-Cat defined on objects by K (V) := V-LInd and on 1-
cells and 2-cells by change of base as in Section

B. Locally indexed fibrations

We are now in a position to identify locally indexed fibra-
tions as fibrations internal to LInd. We do this using [30}
Theorem 2.7]. We therefore need to construct comma objects.
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(f,F)

Construction IV.3. Let (A, A) (C,0) (9.) (B, B) be
a cospan in LInd. The comma object is defined as follows.
The indexing category is the comma object (f | ¢) in
CartCat (Example [[I.7). Objects in (F | G) are triples
(A e ABeBk:FA - GB). A map (A,B,k) —

J
(A’ B’ k") over j : fa — gb consists of maps u : A — A’
and v: B ? B’ such that the following diagram commutes:

F(u)

FA FA
kQIfaJ/ f(a) J{kIQIfa
GB —— GB’
G(v)<yj

Composition, identities, and reindexing are componentwise.

As an immediate corollary we also obtain pullbacks so long
as they exist in CartCat (Example [IL.9).

Construction IV.4. Let (A, A) % (c,c) <29 (B,B)
be a cospan in LInd such that the pullback A x¢ B exists in
CartCat. Then the pullback of this cospan exists in LInd,
and is defined by restricting F' | G to the objects (A, B) such
that F(A) = G(B).

Similarly, one may construct the product (C,C) x (D, D)
in LInd by first taking the product C x I in CartCat and
then defining C x D to have objects pairs (C € C,D € D)
and hom-presheaves (C x D) q) := Cc X Dq. In fact, each
of these constructions may be seen as following directly from
Remark [[V.2] and the fact that the Grothendieck 2-category for
a 2-functor K : C°°°P — 2-Cat has those limits which exist
in C and every 2-category K (A), and are preserved by every
F(f) (cf. the construction of limits in the total category of a
fibration [29, §41).

Now, working through the condition in [30, Theorem 2.7]
yields the following. To simplify notation we elide the iso
p(1) = 1 given by the fact p is cartesian.

Proposition IV.5. A locally indexed functor (p, P) : (E, &) —
(B, B) is an internal fibration if and only if p is a fibration
and P satisfies the following lifting property. For every k :
A - PY in B there exists an object A € B and an arrow
k:A T> Y in £ such that, for any triangle downstairs as

shown in the next diagram, there exists a unique lift U making
the triangle upstairs commute:

£
P

N ple) Ny
A T P(Y) p*B

Definition IV.6. A locally indexed fibration / opfibration /
bifibration is a fibration / opfibration / bifibration in LInd.

Remark IV.7. This definition is not immediately obvious. For
example, when writing a definition of locally indexed fibration
by hand one might be tempted to set the universal property so
that maps over any index have a cartesian lift. Nonetheless,
our definition fits into the schema of locally indexed universal
properties: compare it to the way the universal arrow defining
a product—namely, the projections—Ilies over 1.

Because our definition arises from the mathematical the-
ory we immediately know it is robust, and satisfies useful
properties such as closure under pullback. Moreover, we can
use it to define locally indexed versions of the codomain and
subobject fibrations. Thus, we also get locally indexed versions
of the core building blocks for constructing new models. The
construction of the codomain opfibration follows directly from
Construction [[V.3] and Example

Construction IV.8. The locally indexed arrow category of
a locally indexed category (C,C) is the C-indexed category
with objects arrows A 7 B in C;. There is a canonical locally

indexed codomain functor (cod, cod) : (C7,C7) — (C,C).
This leads naturally to the subobject fibration.

Definition IV.9. We write Sub(C) for the Sub(C)-indexed
category obtained by restricting the objects of C™ to arrows
A - B that are monic in C;. Since Sub(C) is closed under

products, reindexing is as in C™.

In Cat, the codomain functor is a fibration if and only if
the base category C has pullbacks; then cod : SubC — C is
a also fibration. A corresponding fact is true here.

Definition IV.10. A locally indexed category (C,C) has
locally indexed pullbacks if C; has pullbacks, which are
preserved by every (—)<!..

Lemma IV.11. Ler (C,C) be a locally indexed category.
The locally indexed codomain functor is a locally indexed
bifibration if and only if C has with locally indexed pullbacks.
In this situation, the fibration structure restricts to make

(SubC,Sub(C) — (C,C) a fibration as well.

Example IV.12. Suppose C is finitely complete. Then self C
has locally indexed pullbacks. Moreover, for any strong monad
(T,t) on C the induced locally C-indexed category EM(T)
of T-algebras also has locally indexed pullbacks.

C. The 2-category of CBPV models

Now we have locally indexed fibrations in hand, all that
remains is to define a 2-category of CBPV models. We will
then be able to say a CBPV fibration is a “map of CBPV
models that preserve all the structure”. In this section we
isolate a 2-category of CBPV models and lax maps as a sub-
2-category of Adj(LInd)i. In Section we will combine
this with Definition to define CBPV fibrations.
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Every CBPV model is an object in Adj(LInd) of a special
kind, because we require the domain of the left adjoint to
be of the form self C. In other words, this part of the data
is wholly determined by a bicartesian category C. Corre-
spondingly, we will isolate the maps of CBPV models as the
maps in Adj(LInd))y for which the action on this component
is determined by bicartesian structure. For this we use the
following lemma.

Lemma IV.13. The self construction (Example extends
to a 2-functor DistCat — LInd. Moreover, this preserves
products, comma objects, pullbacks whenever they exist, and
fibrations which strictly preserve products.

The 1-cells in our 2-category CBPV7_ of CBPV models
are the ones we wish to pull back along in our lifting theorem.
Thus, we only ask for preservation of products: this matches
the situation for CBV models, where one can construct new
models by pulling back along cartesian—not just cartesian
closed—functors (cf. [16, Proposition 6]).

Definition IV.14. A locally C-indexed functor F' : C — D
preserves I-ary products if the canonical map (F'm;)icr :
F(II,C) - [I; £(C;) is an isomorphism in D;. It preserves
products strictly if all the structure is preserved on the nose:

The definition of strict preservation of powers is likewise.

We now give the definition. The objects of CBPV},
are CBPV models (C,C, F,U). A 1-cell (C,C,F¢,U¢) —
(D, D, FP,UP) consists of

e A bicartesian functor h : C — D,

e A locally C-indexed functor H : C — h*D, and

o Locally C-indexed transformations « and [,
such that H preserves products and (self f, H, (id ), (id,3))
is a 1-cell in Adj(LInd) as shown:

(id¢,F€) (idc,U€)

self C C self C
selfhl (id,a)ﬂ (hH) ﬂ(id, 8) lselfh (6)
self D () D 0P self D

Thus, for each ¢ € C and C € C we have arrows
ac: (HF)c - (FPh)c  Be: (RUC)C - (UPH)C

natural in the sense of (3) and satisfying the compatibility
axioms (3) as composites over 1.

Finally, a 2-cell (h, H, o, 8) = (W', H', o/, ') in CBPV},
consists of a natural transformation ~ : h = h’ and a locally
B-indexed transformation 7 : H = H' such that (self v,7) is
a 2-cell in Adj(LInd),.

D. Defining CBPV fibrations

We can finally define CBPV fibrations as strictly structure-
preserving locally indexed fibrations. Note that we require p
to be a bifibration so that pullbacks along p exist in DistCat.

Definition IV.15. A CBPV?, 1-cell (h, H,a, ) is strict if

1) h strictly preserves bicartesian structure,

2) H strictly preserves products and powers, and

3) (h,H) is a 1-cell in Adj(LInd)g, i.e. o and 3 are both
the identity.

A CBPYV fibration (p, P) is a strict CBPV7_ 1-cell such that
(p, P) is a locally indexed fibration and p is a bifibration.

Example IV.16 (Recall Example [[IL9). Levy’s proof of [36
Proposition 7.3] essentially shows that for any CBPV model
(C,C,F,U) with an interpretation of the base types and
operations in a signature S there exists a strict CBPV7_ 1-
cell Syng — (C,C, F,U) extending the interpretation of S.
Moreover, this is unique up to isomorphism.

By Lemma [[V.I3] a CBPV fibration is a transformation—
i.e. a 1-cell in [Adj, LInd]s—in which each component is a
locally indexed fibration.

Turning now to examples, one simple class of CBPV fibra-
tions comes via monad liftings. A particular instance of the
following result has been studied by Kammar [50, §9.2], who
constructs CBPV fibrations over Set using the free lifting.

Lemma IV.17. Let (@,f) and (C,T) be Moggi-style CBV
models, and p : C — C a CBYV fibration. Then p extends to
a fibration  : CT — CT, and this makes (p,p) : EM(T) —
EM(T) a CBPV fibration.

A further set of examples corresponds to the classical fact
that, if C is a cartesian closed category with pullbacks, then
the codomain fibration over C is an STLC fibration. The key
technical result is the following.

Lemma IV.18. Let C be a cartesian category with pullbacks
and C be a locally C-indexed category with locally indexed
pullbacks, products, and powers. Then C~ and SubC both
have products and powers, and the codomain locally indexed
functors strictly preserve this structure.

Now, the (—)™ operation is 2-functorial so from a CBPV
model (C,C,F,U) we obtain a lifted locally C-indexed
adjunction (C7,C7,F7,U~). Combining the preceding
lemma with the observation that (self C)~ = self (C™) in
C~-LInd, we obtain the following.

Proposition IV.19. Let (C,C, F,U) be a CBPV model such
that C has pullbacks and C has locally indexed pullbacks.
Then the codomain functor (cod,cod) : (C,C7) — (C,C)
is a CBPYV fibration.

The only obstacle to applying a similar argument to the
subobject fibration is that the left adjoint ' may not preserve
monics, and therefore may not restrict to a locally indexed
functor self (SubC) — SubC (right adjoints always preserve
monics). This can be rectified by taking an appropriate factori-
sation system, in the style of [41], [51], [40], [42]. For reasons
of space, however, we content ourselves to the case when F'
preserves monics. This turns out to be remarkably common:
for example, it applies to the storage model of Example [[IL.TT),
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the erratic choice and continuation models of [36, §5.7], and
any algebra model over Set (see [52 p. 89-90]).

Corollary IV.20. In the situation of Proposition if
moreover F) preserves monics then the codomain functor

(cod,cod) : (SubC,Sub(C) — (C,C) is a CBPV fibration.

Example IV.21. Consider the model of Example in
the case where C has pullbacks. Since both the left and
right adjoints preserve monics, this lifts to a Storage model
(—=)*S <8 > (—) on SubC for any subobject S ~ S. Then
the suboblocally indexed fibration is a CBPV fibration;

Corollary [IV.20 is the case where S := (S % S).

V. A LIFTING THEOREM FOR CBPV MODELS

We now have all the technology to present our central tech-
nical result: a lifting theorem for CBPV fibrations, paralleling
those for STLC and CBV. The total space is defined as follows.

Definition V.1. A CBPV lifting is a CBPV fibration (p, P) :
(C,C,F,U) — (C,C,F,U). A map of liftings (p,P) —
(p', P') consists of CBPV7 -morphisms (m,N,&,[3) and
(m, N, a, B) as shown below, such that the following diagram
commutes in CBPVY:

~ . (m,N.&,B)

AR (©L e FL U

l(pﬂP')

(c,c',F,U")

)

—_—
(m,N,a,3)
We write CBPV )y for the category of CBPV liftings and
their maps, and cod CBPVyy — CBPVIXX for the
codomain functor.

Theorem V.2. cod : CBPV;; — CBPVIX is a fibration.

We now recover the situation discussed in the introduc-
tion, as we now explain. Let (p, P) : (]D) D, FP UD) —
(D, D, FP,UP) be a CBPV fibration. Also suppose that we
have a CBPV7, 1-cell (h, H, a, 3) as in (8). Then there exists
a universal choice of CBPV model and a CBPV fibration
(¢,Q) as shown:

®)

— (D,D,FP,UP)

(h,H,,)

This is an instance of a general fact about lax transforma-
tions: see Section We sketch the concrete construction.
First, ¢ and @ are defined as pullbacks in DistCat and LInd
respectively; these exist because p is strict and a bifibration
(Example [I.9) and Construction M)

~ -~ I

C—,5H (€.¢) 2% (D, D)
qi J l” (4 Q)l ’ lmp) ©)
C——D (C, C)W(D,D)

An argument similar to that for cartesian closed structure
(e.g. [16l Proposition 6]) shows ((C C) has products and
powers. We define the adjunction (self Cs C) and the 2-cells
@ and S in (8) using the universal property of the fibrations.
Observe first that the following diagram commutes because
self is a 2-functor and (p, P) is a strict adjunction morphism:

self © =4 seif D £ (D, D)
l

self ql se\li;p l(p P)

self C —— self D = (D, D)

For any (c, (3\) € self C we may therefore apply the universal
property of the fibration (p, P) to « a(ed) = ozc For this, fix

any object (C, D) eC (recall Constructlon 8) and apply the
universal property of the fibration to the arrow « a(ed) = Qe

~

ao(FPhe) ----- 2y (FPh)c

(p,P)

QD —

(HF®)e —% (FPh)c = (PFPh)c

This_definition extends to a locally indexed functor K :
self C — (]D) D), so we may use the universal property of
the pullback in (9) to define Fc(c d) as the unique locally
indexed functor filling the next diagram:

self C K

self ql F€
~x

self C

The right adjoint UC and 2-cell 3 are constructed similarly.

Lifting via opfibrations. As a consequence of our general
theory (see Section [VIII), Theorem [V.2] has a dual, as follows.
Define a CBPV oplifting to be a strict CBPV7,_ 1-cell (p, P)
such that p is a bifibration and P is an opﬁbratlon and a map
of opliftings to be a pair of CBPV0p1X 1-cells such that the
diagram (/) commutes in CBPVﬁplx We write CBPV g,1if
for the category of opliftings and their maps.

Corollary V.3. The codomain functor cod : CBPV qpiig, —
CBPV” . is a fibration.

oplx

Concretely the construction is similar to that outlined above,
except & and [ are defined using opfibration structure.

Remark V.4. This theorem is useful in practical situations
because in general a monad morphism o S — T—
that is, a natural transformation compatible with the units
and multiplications (e.g. [49])—induces an oplax adjunction
morphism from the Eilenberg—Moore adjunction of 7' to the
Eilenberg—Moore adjunction of S [23]. In such situations
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Corollary [V3] applies even though Theorem [V.2] does not. For
a concrete example, see Example

A. Examples

In this section we sketch some simple applications of our
theorem. We leave a detailed exploration of the models for
elsewhere: the aim is simply to show how our theorem yields a
framework for building CBPV models, just as previous results
do this for STLC and CBV models (cf. e.g. [33], [3], [42]).

Example V.5. We start with the Storage model as in Ex-
ample There is a lax adjunction morphism from the
Storage model (—) x S F S = (=) on C to the Storage
model (—) x C(1,S8) F C(1,5) = (—) on Set as follows.
The functors h and H are both given by C(1,—). The 2-
cell « is the isomorphism C(1,— x S) = C(1,—) x C(1,5)
while 84 : C(1,S = A) — (C(1,5) = C(1, A)) sends ¢ to
Au € C(1,5).eval o (t, u). The model in Set is easily lifted
to Pred: we take any subset S C C(1,.5) and consider the
corresponding Storage model on Pred (Example [V.2T). Ap-
plying our construction, we get a CBPV model indexed by the
category C with objects pairs (C’ €eCRC (C(l,X)). Since
self commutes with pullbacks (Lemma [[V.13), the locally
indexed category must also be self ( C. The lifted left and right
adjoints F" and U are defined by F(C,R) = (C x S,RxS)
and F(C,R) = (S = C,5 D R)

Next we use the universal property of the syntactic model
(Example to recover a definition of CBPV logical
relations in the syntactic style. More precisely, from purely
semantic reasoning we recover a version of the logical rela-
tions used by McDermott [54, p. 114].

Example V.6. Let S be a signature of base types and basic
operations, and let 7' be the free monad on Set which
supports these operations, so that that the algebra model
FT : self Set = Set” : UT is a sound model of CBPV
with base types and operations in S. Such a monad always
exists: one sends a set X to the set of terms generated using
the basic operations with variables in X (cf. [36l Remark 7.2]).
Now define an interpretation of base types and operations in
(Set, Set”, FT UT) by setting the interpretation of a value
type A to be the set of closed value terms of type A, and the
interpretation of a computation type A to be the set of closed
computations of type A. By the free property of Syng, this
extends to a strict map Syng — (Set, EM(T), FT,UT).
Finally, let T be a lifting of T' to Pred; for definiteness,

we choose the free lifting [50], [42]. NgwAap/plyA Lemma [[V.17
and Theorem to obtain a model (C,C, F,U) as shown:

(C,C,F,U) ----- » (self Pred = EM(T))
l l(codﬁod)
Syn(S) —5— (self Set = EM(T))

Objects in C consist of a value type A and a set V4 of closed
value terms of type A. Objects in C consist of a computation

type A and a set of C'y of closed terms of type A which is
further equipped with 7'-algebra structure. The action of the
adjoints F' and U in the lifted model are as follows:
F(A,Va) = (FAFTV,) UB,C5) = (UB,UTCy)

Since 7' is the free lifting, F((A,V4) consists of the type FA
and the smallest relation containing V4 that is cloied under
return and the operations in S. On the other hand, U(B, Cx)
consists of the type UB and the set C-; with its algebra
structure forgotten; this reflects the fact that force is invisible
in CBPV models (see [38, §15.1]). The action on products,

sums, and exponentials is exactly as given by McDermott.

Our final example is a version of Katsumata’s TT-
lifting [8], adapted for CBPV models. Katsumata’s construc-
tion relies on the fact that for any strong monad (7, ¢) and
any T-algebra there is a canonical strong monad morphism
into the corresponding continuation monad. Because monad
morphisms induce adjunction morphisms contravariantly (Re-
mark [V.4), this approach is not immediately available for
adjunction models. Our strategy, therefore, is to first pass from
our starting CBPV model to its corresponding algebra model,
and then ask for a lifting of that model via Lemma [[V.17

In the next example we focus on T T-lifting but the con-
struction is parametric in this choice: the argument works
verbatim for any other lifting (e.g. the free lifting [50], [42],
codensity lifting [7] or the monadic lifting of [41], [40]).

Construction V.7 (T T-lifting for CBPV). Let (C,C, F,U)
be a CBPV model in which C is also cartesian closed.
Write T for the induced (strong) monad UF on C. By [35]
§11.6.2] there is a strict map into the Eilenberg—Moore model
(C,EM(T),FT,UT) for T. Now fix an STLC fibration p :
[E — C—for example, the subobject fibration— and an object
R € E as a lifting parameter. Finally, let T be the TT- lifting
of T' with this parameter. By Lemma[[V.17] we obtain a CBPV
fibration (E,EM(T T), FT UT) (C, 5/\/1( ), FT,UT) and
hence, by Theorem a lifted model as shown below:

77777 > (]E,EM(T\)a FT’ Uf)

J [

(C,C, F,U) — (C,EM(T),FT,UT)

(10)

We call this the T T-lifting of the starting model.

Example V.8. We construct the T T-lifting of Levy’s model
of erratic choice [35, §5.5]. Thus, in our starting model the
category of values is Set and the adjunction is the Kleisli
resolution J : Set == Rel : K of the powerset monad P. The
induced monad on Set is also P. To lift this to Pred, we
take as our lifting parameter the P-algebra ({{0,1},{1}},T)
where T : P({{0,1},{1}}) — {{0,1},{1}} maps p C {0,1}
to 1if 1 € p and 0 otherwise. Applying T T-lifting, we obtain a
strong mona(lP on Pred. This acts as P(A R) := (PA, PR)
where p € PR if and only if for all f : X — 2 satisfying
Vz € R.f(x) =1 we have ) _y f(z)p(z) = 1. A direct
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calculation then shows that p € PR if and only if every
x € pis in R. Applying our T T-lifting construction (10},
the resulting model is the Kleisli adjunction Pred = Pred s
for P.

VI. EFFECT SIMULATION

In this section we use our CBPV-fibration theorem to
give a semantic account to the effect simulation problem for
languages based on CBPV. The effect simulation problem
is about relating different denotational interpretations for the
same computational effects. For example, it is possible to use
both the finite powerset and list monads to give semantics to
non-deterministic computation. An effect simulation property
relating both semantics would say, for instance, that the set
of possible elements denoted by the list and the powerset
semantics are the same.

This problem has been thoroughly studied in the context
of Moggi’s metalanguage. In this section we show how our
theory gives a semantic account of effect simulation for CBPV,
via an approach similar to Katsumata’s for CBV [16]. The
key idea is that effect simulation is about constructing a non-
standard model over the product of the models we are trying to
relate. Since LInd has products, which are preserved by self,
and the 2-functor (—) x (=) preserves adjunctions, for any
CBPV models (C;,C;, F;,U;) we get a product CBPV model

Semantic effect simulation now arises from Theorem [V.2] as
follows. We start with two CBPV models, which for brevity
we denote C, := (C;,C;, F;, U;) for i = 1,2, a CBPV fibration
(p, P), and a CBPV7,_ 1-cell as shown:

(E757F5’ Ug)

lmP)

The effect simulation model is then constructed by applying

Theorem or Corollary (cf. @)).

Example VI.1 (Lists and powersets for non-determinism).
Consider the Eilenberg—-Moore models for the finite powerset
Py and list [—] monads over Set. Their categories of algebras
are, respectively, the category SLat of sup-semilattices and
Mon of monoids. Since every adjunction in Set lifts to a
LInd-adjunction, in order to simplify the calculations, we will
compute everything in terms of Cat-adjunctions.

There is a canonical monad morphism v : [—] — Pyip
which maps a list to its set of elements. This gives rise to an
oplax adjunction morphism (recall Remark as shown:

Gy %Gy (h,H,a,B)xid G

Set Ps SLat —Z— Set
idl %’ l lid
Set = Mon T Set

Next, we define our CBPV fibration. The lifted model over
(SetxSet, MonxMon) is (BPred, BPredMon), defined

as follows. BPred is the category of binary predicates: its
objects are triples (A € Set,B € Set,R C A x B) and
morphisms are pairs of functions that preserve the underlying
binary relation. BPredMon is defined similarly, with the
exception that the objects are monoids M and N, and the
binary relation has to be a submonoid of M x N. Apply-
ing Corollary we obtain a CBPV model BPred <
BPredSLatMon, where BPredSLatMon is defined as
the following pullback:

BPredSLatMon —— BPredMon
SLat x Mon ——— Mon x Mon

The left adjoint acts on objects as F (A, B,R) =
(Ps(A),[B], ﬁ), where for a finite set p C A and list [ over B,
(p,1) € R if and only if for every a € p there is an element b
in [ such that (a,b) € R, and, analogously, for every element
b in [ there’s an element a € p such that (a,b) € R. In
this new model base types 7, are interpreted as the diagonal
relation (bx b, =) over an object b and the semantics of closed
programs ¢ of type F'7;, has the shape (y(I),[) for some list I.

VII. RELATIVE FULL COMPLETENESS

In this section we show how the our 2-categorical per-
spective leads relatively easily to a proof of relative full
completeness, which establishes semantically that function
types in CBPV are a conservative extension of the first-order
fragment. Our proof follows the classic Lafont argument [56]:
this argument is well-known, and has been applied in many
differing situations (e.g. [570], [58l, [59], [6Q]). Thus, our
contribution here is not the proof strategy, but showing how
to construct the ingredients to feed into the proof. Indeed, as
several authors have independently noted [58]], [S9], the proof
relies on having:

1) A suitable “presheaf” model and a “nerve” construction;
2) The existence of certain comma objects (“glueing”).

In what follows we shall outline how each of these ingredients
arises in the case of CBPV models. The rest of the argument
follows the classical pattern, as in e.g. [57, §4.10] so, for
reasons of space, we omit it.

As well as being of interest in its own right, we view
the theory sketched here as a first step towards a semantic
account of Kripke relations of varying arity for CBPV, and
thereby a characterisation of definability (cf. [61], [2], [LO])
and normalisation-by-evaluation in the style of [62].

We begin by constructing a version of presheaf models for
CBPV by understanding the corresponding structure in LInd.

A. Presheaf locally indexed categories

We first detail the abstract picture, then give the con-
crete definition. Our construction has two stages. First, as
a 2-category of categories enriched in a presheaf category,
each C-LInd has a P(C)-enriched presheaf construction. By
general enriched-category theoretic considerations (e.g. [63}
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§5.7]) this defines a pseudofunctor P : C-LInd — C-LIND
from the 2-category of small P(C)-categories to the 2-category
of large P(C)-categories. On objects, P(C) is the P(C)-
enriched functor category [C,P(C)]. If FF : C — D then
P(F) := F) is defined by left Kan extension; this also
determines the action on transformations.

Applying P to C € C-LInd yields a presheaf-like locally
indexed category, but over the wrong base: it is still C-indexed.
However, the Yoneda functor is always cartesian, so we may
apply change of base and define P as the composite

C-LInd &5 C-LIND % PC-LIND (11)

Using standard enriched category-theoretic techniques, to-
gether with Levy’s explicit identification of P(C) [38] p. 184],
we arrive at the following characterisation of this composite.

Recall from e.g. [36, p. 84] that, for a locally C-indexed
category C, the category opGrC has objects (¢ € C,C € C)
and morphisms (d,C) — (¢, D) pairs of amap p: ¢ — d in
(Candf:C?)DinC.

Definition VIL1. The presheaf locally indexed category
(PC,PC) on (C,C) € LInd is the PC-indexed category
defined as follows. The objects are functors opGr C°P — Set,
and maps 7 : H ? H’ are families of maps

Te,o o P(c) x H(e,C) — H'(c,C)

natural in each argument. Composition, identities, and rein-
dexing are as in self [opGr C°P, Set)].

(PC, PC) is equivalently the locally P(C)-indexed category
obtained by reindexing self [opGr C°P, Set| along the cartesian
functor mo (—) : [C°P, Set] — [opGrC°P, Set] induced by the
first projection 7 : opGrC — C. A short check shows that, if
C and D are cartesian closed categories, and f : C — D
preserves products, then f*(self D) € C-LInd has products
and C-powers. Hence PC has products and P(C)-powers.
Moreover, there exists an adjunction

[C°P, Set] = [opGr (self C)°P, Set]

in which the left adjoint acts by P — P(— x =) and
the right adjoint acts by H — H(—,1). Using the explicit
characterisation above, one sees this extends to a locally P(C)-
indexed adjunction L : self PC = P(self C) : R

B. Presheaf CBPV models

Because the composite P in is pseudofunctorial, and
pseudofunctors preserve adjunctions, for any CBPV model we
get a new adjunction between the corresponding presheaf lo-
cally indexed categories. However, we must take some care: in
CBPV, the morphisms consist of a bicartesian functor and
a locally indexed functor but the Yoneda embedding does not
generally preserve colimits. The fix is well-known (e.g. [64]] or
[65 §6]): if one restricts from all presheaves to finite product-
preserving presheaves, the resulting presheaf category P*C
is still complete, cocomplete, and cartesian closed, and the
Yoneda lemma still holds, but now the Yoneda embedding

X C — P*C also preserves finite coproducts. Modulo this
adjustment, the theory above goes through verbatim.

Notation VIL2. For the rest of this section, we take P(C) to
be the category of product-preserving presheaves, and y to be
the restriction of the Yoneda functor to this subcategory.

Now consider any CBPV model C := (self C,C, F,U).
Since pseudofunctors preserve adjunctions, we obtain a locally
P(C)-indexed adjunction P(self C) <= PC in which the
adjoints F'y and U, are computed using the left Kan extension
in P(C)-Cat. We then define the presheaf CBPV model for
C to be the composite locally P(C)-indexed adjunction

FioL:self PC s P(self C) = PC: Ro U,

We also obtain a Yoneda map into the presheaf model.
Indeed, a short calculation shows that (y)*(P(C)) is iso-
morphic to [C,P(C)] in C-LIND. We therefore define a
locally indexed map (y,Y) : (C,C) — (PC,PC) by taking
Y : C — y*(PC) to be the P(C)-enriched Yoneda embedding:
Y (C) :=C_(=,C). This extends to a pseudonatural transfor-
mation inc = P from the inclusion C-LInd — C-LIND to
P (cf. [66, Lemma 3.7]) so there exists a pseudo adjunction
map as in the right-hand square below; the left-hand square is
a strict adjunction map.

self [C°P, Set] T P(self C) —— (PC,PC)
self yT (y,Y)T = Tselfy
self C self C —1— (C,()

Altogether, we have shown the following proposition.

Definition VIL3. A locally indexed functor (f, F) : (C,C) —
(D, D) is full / faithful / fully faithful if both f and every
functor £, : C. — Dy, are full / faithful / fully faithful. A
CBPV}, l-cell (f,F,a, ) is fully faithful if (f, F) is

Proposition VII.4. For any CBPV model C there is a fully
faithful CBPVIX)S 1-cell C — PC into the presheaf CBPV
model. We denote this by Y.

Note that self f is fully faithful if f is. The final observation
about presheaves we need is the following.

Proposition VILS. For any CBPV}, morphism F : B — C
there exists a CBP VY I-cell (F) : C — PB and a CBPV7,
2-cellT:Y = @ o E

Indeed, for any locally indexed functor ( f7 ) : (B,B) —
(C,C) we obtain (f) : C — P(B) and (F) : C — (f)*(PB)
by taking (f)c = C(f—,¢) and (F)(C) := Cy_(=,0C).
Note that {f) preserves products because f does. The rest of
the calculation essentially follows by unwinding the standard
fact—which holds equally in the enriched setting—that (f) is
the left Kan extension of y along f.

C. Completing the proof

Fix a signature & and let Syng be the corresponding
syntactic model (Example [II | Also let Syn be the first-
order syntactic model, with functlon types omitted. Both these
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models are free (Example so there is a canonical strict
CBPVY, l-cell i : Syn? — Syng. We prove the following.

Theorem VIIL.6 (Relative full completeness). For any signa-
ture S, the canonical strict CBPVIXX 1-cell 7 : Synfgo —
Syng is fully faithful.

The remaining difficulty lies in seeing that for any CBP V7
morphism (g, G, «, 8) the following comma object exists in
CBPV;, i.e. CBPV models admit glueing:

g——C
| =

8 (9,G,a.,B) ¢

This follows from two facts. First, for any 2-category D, if C
has comma objects then [D, C]jx also has comma objects of the
shape above, computed component-wise (cf. [S35, Prop. 4.6]).
Since LInd has all comma objects, so does Adj(LInd).
Second, a small adaptation of the classical proof (e.g. [S7])
shows this restricts to CBPV7 : when C is a CBPV model
with locally indexed pullbacks, G is also a CBPV model.

The rest of the argument is as in the classical case
(see e.g. [57, §4.10] or [59, §3.2]), observing that compo-
sition in LInd reduces to (1) composition of the functors
in DistCat on the first component, and (2) on the second
component, composition in Cat at each index.

VIII. LIFTING THEOREMS FOR ARBITRARY SHAPES

In this final technical section we sketch the proof of Theo-
rem and Corollary [V3] as special cases of a general result
which applies generally to any “shape” of model, including
CBV models. The key idea is that, since CBPV} is a
sub-2-category of the functor 2-category Adj(LInd), =
[Adj, LInd];, we may study “liftings” as in Definition
quite generally by studying functor 2-categories of the form
[D, C]ix for some 2-category D of “diagram shapes”.

We shall pair this with the following simple observation
about when the codomain fibration restricts to a subcategory.
Let C be any category with a wide subcategory of tight maps.
Let Lift be the full subcategory of C™ whose objects are tight
maps. Thus, objects of Lift are liftings—tight maps ¢t : C' —
C’'—and morphisms are as in C™.

Lemma VIIL.1. Suppose that for any tight map t the pullback
along an arbitrary map [ exists and is tight. Then the
codomain fibration restricts to a fibration cod : Lift — C.

If every map is tight this is the codomain fibration. If just
the monos are tight, this is the subobject fibration.

In this light, our lifting theorem becomes a statement about
the existence of pullbacks in the 2-category [D, C]ix. Suppose
that C has a sub-class of tight 1-cells which are all fibrations in
C—intuitively, the fibrations that strictly preserve structure—
and that the underlying 1-category Cy is such that (1) the pull-
back of tight 1-cell along arbitrary 1-cells exists in Cy; and (2)
these pullbacks are preserved by every Co(C, —) : Cyp — Cat.

A direct calculation using the universal properties similar to
that outlined in Section |[V|then shows the following.

Proposition VIIL.2. In the situation just outlined, every com-
ponentwise tight transformation 7 : F = G in [D,Cix
has pullbacks along arbitrary transformations, which are
componentwise tight.

Theorem VIIL3. In the situation of Proposition [VIIL.2} define
a lifting to be a componentwise tight lax natural transfor-
mation T : H = H : D — C, and let Lift be the full
subcategory of the arrow category ([D,Clix)g” with objects
the liftings. Then the codomain functor restricts to a fibration
Lift — [D,Chx.

Example VIIL4. We recover Theorem [V.2] as follows. Take
D := Adj, C := LInd, and say a morphism in LInd is tight
if it is a CBPV fibration. Since CBPV7 is closed under
pullbacks of tight maps, the fibration from Theorem [VIIL3]
restricts to the fibration claimed in Theorem [V.2] Corollary
follows by instantiating the theorem in LInd®°.

We obtain a version for CBV by varying the 2-category D.

Write J : CCCat® — 2-Cat for the 2-functor sending
V to the 2-category V-Actiy of (left) V-actions and lax maps
(see [48] §3]). J(f) is the 2-functor W-Act), — V-Act,
precomposing by f X id, and the action on 2-cells is defined
similarly. Applying the 2-Grothendieck construction, we get a
2-category Act), of actions and lax maps. These are the “pre-
models” for CBV: indeed, a monad internal to this 2-category
(see [49]) is exactly a left action together with a monad that
is strong for the action (e.g. [15, §3]).

Example VIILS5. Take D := Mnd and C := Act), as in
Remark and say a morphism (f, F) in Act is tight if
it is a strict map of actions and both f and F are fibrations
which strictly preserve cartesian closed structure. These are
fibrations in Act,. A lifting then consists of:
« Two triples consisting of a cartesian closed category, an
action, and a monad that is strong for the action:

(V,VxC—CT) (V,VxC—C,T)

o A strict cartesian closed fibration p : V — V and a
fibration P : C — C such that (p, P) is a strict map
of actions and P strictly preserves the monad.

Any CBV lifting is such a lifting. Moreover, since the sub-
2-category of cartesian categories acting on themselves by
the product structure is closed under pullbacks, applying
Theorem to a lax map of CBV models yields a lifted
CBYV model, defined by pullback.

IX. PERSPECTIVES

In this paper we have shown how fibrations internal to
2-categories can be used to define a mathematically robust
and principled definintion of logical relations for CBPV. We
have illustrated the viability of our definition by showing
how familiar fibrational logical relations can be generalized
to CBPV. As our main application, we use our framework to
prove, for the first time, a conservativity property of CBPV.

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

1051

1052

1053

1054

1055

1056

1057

1058

1059

1060

1061

1062

1063

1064

1065

1066

1067

1068

1069

1070

1071

1072



1073

1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133
1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
1144

[1]
[2]

[3]

[4]

[5]

[6]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

REFERENCES

G. D. Plotkin, “Lambda-definability and logical relations,” University of
Edinburgh, Tech. Rep., 1973.

A. Jung and J. Tiuryn, “A new characterization of lambda definability,”
in Typed Lambda Calculi and Applications, M. Bezem and J. F.
Groote, Eds. Berlin, Heidelberg: Springer Berlin Heidelberg, 1993,
pp. 245-257. [Online]. Available: https://doi.org/10.1007/BFb0037110

M. Huot, S. Staton, and M. Vakar, “Correctness of automatic differ-
entiation via diffeologies and categorical gluing,” in Lecture Notes in
Computer Science. Springer International Publishing, 2020, pp. 319-
338.

J. Sterling and R. Harper, “Logical relations as types: Proof-relevant
parametricity for program modules,” Journal of the ACM (JACM),
vol. 68, no. 6, pp. 147, 2021.

C. A. Hermida, “Fibrations, logical predicates and indeterminates,”
Ph.D. dissertation, University of Edinburgh, 1993. [Online]. Available:
http://hdl.handle.net/1842/14057

B. Jacobs, Categorical Logic and Type Theory, ser. Studies in Logic and
the Foundations of Mathematics. Amsterdam: North Holland, 1999, no.
141.

S.-y. Katsumata, T. Sato, and T. Uustalu, “Codensity lifting of monads
and its dual,” Logical Methods in Computer Science, vol. 14, no. 4,
2018. [Online]. Available: https://doi.org/10.23638/LMCS-14(4:6)2018
S. Katsumata, “A semantic formulation of T T-lifting and logical
predicates for computational metalanguage,” in Computer Science
Logic.  Springer Berlin Heidelberg, 2005, pp. 87-102. [Online].
Available: https://doi.org/10.1007/11538363_8

——, “A  characterisation of lambda definability with sums
via T T-closure operators,” in  Computer  Science Logic,
M. Kaminski and S. Martini, Eds. Berlin, Heidelberg: Springer
Berlin Heidelberg, 2008, pp. 278-292. [Online]. Available:
https://doi.org/10.1007/978-3-540-87531-4_21

O. Kammar, S. Katsumata, and P. Saville, “Fully abstract models for
effectful A-calculi via category-theoretic logical relations,” Proceedings
of the ACM on Programming Languages, vol. 6, no. POPL, pp. 1-28,
Jan. 2022. [Online]. Available: https://doi.org/10.1145/3498705

A. Ahmed, “Step-indexed syntactic logical relations for recursive and
quantified types,” in European Symposium on Programming. Springer,
2006, pp. 69-83.

E. Moggi, “Notions of computation and monads,” Inf. Comput.,
vol. 93, no. 1, pp. 55-92, 1991. [Online]. Available: https:
/ldoi.org/10.1016/0890-5401(91)90052-4

——, “Computational lambda-calculus and monads,” in Proceedings of
the Fourth Annual Symposium on Logic in Computer Science. 1EEE
Press, 1989, p. 14-23. [Online]. Available: https://doi.org/10.1109/
LICS.1989.39155

A. Kock, “Strong functors and monoidal monads,” Archiv der
Mathematik, vol. 23, no. 1, pp. 113-120, dec 1972. [Online]. Available:
https://doi.org/10.1007/BF01304852

D. McDermott and T. Uustalu, “What makes a strong monad?”
Electronic Proceedings in Theoretical Computer Science, vol. 360,
pp. 113-133, Jun. 2022. [Online]. Available: https://doi.org/10.4204/
EPTCS.360.6

S. Katsumata, “Relating computational effects by T T-lifting,”
Information and Computation, vol. 222, pp. 228 — 246, 2013, 38th
International Colloquium on Automata, Languages and Programming
(ICALP 2011). [Online]. Available: https://doi.org/10.1016/j.1c.2012.10.
014

B. Pareigis, “Non-additive ring and module theory II: C-categories,
C-functors and C-morphisms,” Publicationes mathematicae, vol. 24,
no. 3, January 1977. [Online]. Available: https://epub.ub.uni-muenchen.
de/7095/1/7095.pdf

M. Shulman, “Framed bicategories and monoidal fibrations,” Theory
and Applications of Categories, vol. 20, no. 18, 2008. [Online].
Available: tac.mta.ca/tac/volumes/20/18/20-18.pdf

C. Vasilakopoulou, “On enriched fibrations,” Cahiers de topologie
et géométrie différentielle catégoriques, vol. LIX, no. 4, 2018.
[Online]. Available: https://cahierstgdc.com/wp-content/uploads/2018/
10/Vasilakopoulou- LIX-4.pdf

J. Moeller and C. Vasilakopoulou, “Monoidal Grothendieck
construction,” Theory and Applications of Categories, vol. 35, no. 31,
2020. [Online]. Available: www.tac.mta.ca/tac/volumes/35/31/35-31.pdf

[21]

[22]

(23]

[24]

[25]

[26]

(27

(28]

[29]

(30]

(31]

(32]

(33]

[34]

(35]

[36]

(371

[38]

[39]

[40]

[41]

[42]

[43]

T. Leinster, Higher Operads, Higher Categories. Cambridge University
Press, Jul. 2004, preprint available online at https://doi.org/10.48550/
arXiv.math/0305049.

N. Johnson and D. Yau, 2-Dimensional Categories. Oxford University
Press, 2021, preprint available online at 10.48550/arXiv.2002.06055.
D. Pumpliin, “Eine Bemerkung iiber Monaden und adjungierte
Funktoren,” Mathematische Annalen, vol. 185, pp. 329-337, 1970.
[Online]. Available: http://eudml.org/doc/161964

C. Auderset, “Adjonctions et monades au niveau des 2-catégories,”
Cabhiers de Topologie et Géométrie Différentielle Catégoriques, vol. 15,
no. 1, pp. 3-20, 1974. [Online]. Available: http://eudml.org/doc/91131
S. Mac Lane, Categories for the Working Mathematician, 2nd ed., ser.
Graduate Texts in Mathematics.  Springer-Verlag New York, 1998,
vol. 5.

R. Street, “Conspectus of variable categories,” Journal of Pure and
Applied Algebra, vol. 21, no. 3, pp. 307-338, Jun. 1981. [Online].
Available: https://doi.org/10.1016/0022-4049(81)90021-9

——, Fibrations and Yoneda’s lemma in a 2-category. Springer
Berlin Heidelberg, 1974, pp. 104-133. [Online]. Available: https:
//doi.org/10.1007/bfb0063102

F. Loregian and E. Riehl, “Categorical notions of fibration,” Expositiones
Mathematicae, vol. 38, no. 4, pp. 496-514, Dec. 2020. [Online].
Available: https://doi.org/10.1016/j.exmath.2019.02.004

J. W. Gray, Fibred and Cofibred Categories. Springer Berlin
Heidelberg, 1966, pp. 21-83. [Online]. Available: https://doi.org/10.
1007/978-3-642-99902-4_2

M. Weber, “Yoneda structures from 2-toposes,” Applied Categorical
Structures, vol. 15, no. 3, pp. 259-323, May 2007. [Online]. Available:
https://doi.org/10.1007/s10485-007-9079-2

S. Fujii and S. Lack, “The oplax limit of an enriched category,” arXiv,
2022. [Online]. Available: https://doi.org/10.48550/arXiv.2211.12122
S. Lack, A 2-Categories Companion. Springer New York, Sep.
2009, pp. 105-191. [Online]. Available: https://doi.org/10.1007/
978-1-4419-1524-5_4

A. Power, “A general coherence result,” Journal of Pure and Applied
Algebra, vol. 57, no. 2, pp. 165-173, Mar. 1989. [Online]. Available:
https://doi.org/10.1016/0022-4049(89)90113-8

R. Blackwell, G. Kelly, and A. Power, “Two-dimensional monad theory,”
Journal of Pure and Applied Algebra, vol. 59, no. 1, pp. 1-41, Jul. 1989.
[Online]. Available: https://doi.org/10.1016/0022-4049(89)90160-6

P. B. Levy, Call-By-Push-Value. Springer Netherlands, 2003. [Online].
Available: https://doi.org/10.1007/978-94-007-0954-6

“Adjunction models for call-by-push-value with stacks,”
Electronic Notes in Theoretical Computer Science, vol. 69, pp.
248-271, 2003, c¢TCS’02, Category Theory and Computer Science.
[Online]. Available: https://doi.org/10.1016/S1571-0661(04)80568- 1
“Call-by-push-value: Decomposing call-by-value and call-by-
name,” Higher-Order and Symbolic Computation, vol. 19, no. 4,
pp. 377-414, Dec. 2006. [Online]. Available: https://doi.org/10.1007/
$10990-006-0480-6

“Call-by-push-value,” Ph.D. dissertation, Queen Mary and
Westfield College, University of London, 2001. [Online]. Available:
https://qmro.qmul.ac.uk/xmlui/handle/123456789/4742

A. Kock, “Bilinearity and cartesian closed monads,” Mathematica
Scandinavica, vol. 29, no. 2, pp. 161-174, 1971. [Online]. Available:
http://www.jstor.org/stable/24491025

J. Goubault-Larrecq, S. Lasota, and D. Nowak, “Logical relations
for monadic types,” Mathematical Structures in Computer Science,
vol. 18, no. 06, p. 1169, Oct. 2008. [Online]. Available: https:
//doi.org/10.1017/50960129508007172

——, “Logical relations for monadic types,” in Computer Science
Logic. Springer Berlin Heidelberg, 2002, pp. 553-568. [Online].
Available: https://doi.org/10.1007/3-540-45793-3_37

O. Kammar and D. McDermott, “Factorisation systems for logical
relations and monadic lifting in type-and-effect system semantics,”
Electronic Notes in Theoretical Computer Science, vol. 341, pp. 239
— 260, 2018, proceedings of the Thirty-Fourth Conference on the
Mathematical Foundations of Programming Semantics (MFPS XXXIV).
[Online]. Available: https://doi.org/10.1016/j.entcs.2018.11.012

F. Borceux, Handbook of Categorical Algebra, volume 2. Cambridge
University Press, Aug. 1994. [Online]. Available: https://doi.org/10.
1017/CB0O9780511525865.008

1145
1146
1147
1148
1149
1150
1151
1152
1153
1154
1155
1156
1157
1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168
1169
1170
1171
1172
1173
1174
1175
1176
1177
1178
1179
1180
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216


https://doi.org/10.1007/BFb0037110
http://hdl.handle.net/1842/14057
https://doi.org/10.23638/LMCS-14(4:6)2018
https://doi.org/10.1007/11538363_8
https://doi.org/10.1007/978-3-540-87531-4_21
https://doi.org/10.1145/3498705
https://doi.org/10.1016/0890-5401(91)90052-4
https://doi.org/10.1016/0890-5401(91)90052-4
https://doi.org/10.1016/0890-5401(91)90052-4
https://doi.org/10.1109/LICS.1989.39155
https://doi.org/10.1109/LICS.1989.39155
https://doi.org/10.1109/LICS.1989.39155
https://doi.org/10.1007/BF01304852
https://doi.org/10.4204/EPTCS.360.6
https://doi.org/10.4204/EPTCS.360.6
https://doi.org/10.4204/EPTCS.360.6
https://doi.org/10.1016/j.ic.2012.10.014
https://doi.org/10.1016/j.ic.2012.10.014
https://doi.org/10.1016/j.ic.2012.10.014
https://epub.ub.uni-muenchen.de/7095/1/7095.pdf
https://epub.ub.uni-muenchen.de/7095/1/7095.pdf
https://epub.ub.uni-muenchen.de/7095/1/7095.pdf
tac.mta.ca/tac/volumes/20/18/20-18.pdf
https://cahierstgdc.com/wp-content/uploads/2018/10/Vasilakopoulou-LIX-4.pdf
https://cahierstgdc.com/wp-content/uploads/2018/10/Vasilakopoulou-LIX-4.pdf
https://cahierstgdc.com/wp-content/uploads/2018/10/Vasilakopoulou-LIX-4.pdf
www.tac.mta.ca/tac/volumes/35/31/35-31.pdf
 https://doi.org/10.48550/arXiv.math/0305049
 https://doi.org/10.48550/arXiv.math/0305049
 https://doi.org/10.48550/arXiv.math/0305049
10.48550/arXiv.2002.06055
http://eudml.org/doc/161964
http://eudml.org/doc/91131
https://doi.org/10.1016/0022-4049(81)90021-9
https://doi.org/10.1007/bfb0063102
https://doi.org/10.1007/bfb0063102
https://doi.org/10.1007/bfb0063102
https://doi.org/10.1016/j.exmath.2019.02.004
https://doi.org/10.1007/978-3-642-99902-4_2
https://doi.org/10.1007/978-3-642-99902-4_2
https://doi.org/10.1007/978-3-642-99902-4_2
https://doi.org/10.1007/s10485-007-9079-2
https://doi.org/10.48550/arXiv.2211.12122
https://doi.org/10.1007/978-1-4419-1524-5_4
https://doi.org/10.1007/978-1-4419-1524-5_4
https://doi.org/10.1007/978-1-4419-1524-5_4
https://doi.org/10.1016/0022-4049(89)90113-8
https://doi.org/10.1016/0022-4049(89)90160-6
https://doi.org/10.1007/978-94-007-0954-6
https://doi.org/10.1016/S1571-0661(04)80568-1
https://doi.org/10.1007/s10990-006-0480-6
https://doi.org/10.1007/s10990-006-0480-6
https://doi.org/10.1007/s10990-006-0480-6
https://qmro.qmul.ac.uk/xmlui/handle/123456789/4742
http://www.jstor.org/stable/24491025
https://doi.org/10.1017/S0960129508007172
https://doi.org/10.1017/S0960129508007172
https://doi.org/10.1017/S0960129508007172
https://doi.org/10.1007/3-540-45793-3_37
https://doi.org/10.1016/j.entcs.2018.11.012
https://doi.org/10.1017/CBO9780511525865.008
https://doi.org/10.1017/CBO9780511525865.008
https://doi.org/10.1017/CBO9780511525865.008

1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1282
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253
1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270
127
1272
1273
1274
1275
1276
1277
1278
1279
1280
1281
1282
1283
1284
1285
1286
1287
1288
1289
1290

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]
(571

(58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

S. Eilenberg and G. M. Kelly, Closed Categories.  Springer
Berlin Heidelberg, 1966, pp. 421-562. [Online]. Available: https:
//doi.org/10.1007/978-3-642-99902-4_22

G. S. H. Cruttwell, “Normed spaces and the change of base for enriched
categories,” Ph.D. dissertation, Dalhousie University, 2008, available
online at https://www.reluctantm.com/gcruttw/publications/thesis4.pdf.
1. Bakovi¢, “Grothendieck construction for bicategories,” 2010. [Online].
Available: https://www?2.irb.hr/korisnici/ibakovic/sgc.pdf

M. Buckley, “Fibred 2-categories and bicategories,” Journal of Pure
and Applied Algebra, vol. 218, no. 6, pp. 1034-1074, Jun. 2014.
[Online]. Available: https://www.sciencedirect.com/science/article/pii/
50022404913002065?via=ihub

M. Capucci and B. Gavranovi¢, “Actegories for the working
amthematician,” 2022. [Online]. Available: https://doi.org/10.48550/
ARXIV.2203.16351

R. Street, “The formal theory of monads,” Journal of Pure and Applied
Algebra, vol. 2, no. 2, pp. 149 —-168, 1972. [Online]. Available:
https://doi.org/10.1016/0022-4049(72)90019-9

O. Kammar, “An algebraic theory of type-and-effect systems,” Ph.D.
dissertation, University of Edinburgh, 2014. [Online]. Available:
http://hdl.handle.net/1842/8910

J. Hughes and B. Jacobs, “Factorization systems and fibrations,”
Electronic Notes in Theoretical Computer Science, vol. 69, pp.
156-182, Feb. 2003. [Online]. Available: https://doi.org/10.1016/
S1571-0661(04)80564-4

F. E. J. Linton, Coequalizers in categories of algebras. Springer
Berlin Heidelberg, 1969, pp. 75-90. [Online]. Available: https:
//doi.org/10.1007/BFb0083082

J. C. Mitchell and A. Scedrov, “Notes on sconing and relators,” in
Computer Science Logic. Springer Berlin Heidelberg, 1993, pp. 352—
378. [Online]. Available: https://doi.org/10.1007/3-540-56992-8_21

D. McDermott, “Reasoning about effectful programs and evaluation
order,” Ph.D. dissertation, University of Cambridge, 2020. [Online].
Available: https://doi.org/10.48456/tr-948

S. Lack, “Limits for lax morphisms,” Applied Categorical Structures,
vol. 13, no. 3, pp. 189-203, Jun. 2005. [Online]. Available:
https://doi.org/10.1007/s10485-005-2958-5

Y. Lafont, “Logiques, catégories et machines,” Ph.D. dissertation, Uni-
versité Paris VII, 1987.

R. L. Crole, Categories for Types. Cambridge University Press, Jan.
1994. [Online]. Available: https://doi.org/10.1017/CB0O9781139172707
M. Hasegawa, “Categorical glueing and logical predicates for
models of linear logic,” Kyoto University. Research Institute for
Mathematical Sciences [RIMS], 1999. [Online]. Available: https:
/Iwww.kurims.kyoto-u.ac.jp/~hassei/papers/full.pdf]

M. Fiore, R. Di Cosmo, and V. Balat, “Remarks on isomorphisms
in typed lambda calculi with empty and sum types,” in Proceedings
17th Annual IEEE Symposium on Logic in Computer Science, ser.
LICS-02. IEEE Comput. Soc, 2002, pp. 147-156. [Online]. Available:
https://doi.org/10.1109/LICS.2002.1029824

M. Fiore and P. Saville, Relative Full Completeness for
Bicategorical Cartesian Closed Structure.  Springer International
Publishing, 2020, pp. 277-298. [Online]. Available: |https:
//doi.org/10.1007/978-3-030-45231-5_15

M. Alimohamed, “A characterization of lambda definability in
categorical models of implicit polymorphism,” Theor. Comput. Sci.,
vol. 146, no. 1-2, . 5-23, Jul. 1995. [Online]. Available:
http://dx.doi.org/10.1016/0304-3975(94)00283-O
M. Fiore, “Semantic analysis of normalisation by evaluation for
typed lambda calculus,” in Proceedings of the 4th ACM SIGPLAN
International Conference on Principles and Practice of Declarative
Programming, ser. PPDP ’02. New York, NY, USA: ACM, 2002, pp.
26-37. [Online]. Available: http://doi.acm.org/10.1145/571157.571161
G. M. Kelly, Basic Concepts of Enriched Category Theory. Reprints
in Theory and Applications of Categories, 2005. [Online]. Available:
http://www.tac.mta.ca/tac/reprints/articles/10/tr10.pdf

P. Fu, K. Kishida, N. J. Ross, and P. Selinger, “On the Lambek
embedding and the category of product-preserving presheaves,” arXiv,
2022. [Online]. Available: https://doi.org/10.48550/arXiv.2205.06068
G. M. Kelly, “Elementary observations on 2-categorical limits,” Bulletin
of the Australian Mathematical Society, vol. 39, no. 2, pp. 301-317, Apr.
1989. [Online]. Available: https://doi.org/10.1017/s0004972700002781
M. Fiore, N. Gambino, M. Hyland, and G. Winskel, “Relative
pseudomonads, Kleisli bicategories, and substitution monoidal

structures,” Selecta Mathematica, vol. 24, no. 3, pp. 2791-2830, Nov.
2017. [Online]. Available: https://doi.org/10.1007/s00029-017-0361-3

APPENDIX A
THE BASIC DEFINITIONS OF 2-CATEGORY THEORY

We briefly review the definitions of 2-categories, 2-functors,
transformations, and modifications. For reasons of space we
omit the coherence axioms: for full details seeerr e.g. [21],
[22]].

Definition A.1. A 2-category C consists of:

1) A collection of objects A, B, . ...

2) For all objects A and B, a collection of morphisms from
A to B, which are themselves related by morphisms: thus
we have a hom-category C(A, B) whose the objects f, g :
A — B are morphisms (or 1-cells) and whose morphisms
are 2-cells o,7: f = g.

3) For all A,B and C a composition functor os g c :
C(B,C) xC(A,B) = C(A,C) and, for all A an identity
I-cell id4 : A — A, such that composition is associative
and unital on both 1-cells and 2-cells.

The hom-category structure means the following. For any
I-cell f : A — B there is an identity 2-cell id¢ : f = f.
Moreover, given o0 : f == g: A—Band7:9g=h: A— B
we can vertically compose to obtain a 2-cell 7 x o : f = h.
The functoriality of composition says that, given o : f =
f':A—=Band 7:9= ¢ : B— C we can horizontally
compose to obtain a 2-cell Too : go f = ¢’ o f’, and that
the two composition operations are related by the so-called
interchange law. The names correspond to how the operations
look when drawn in Cat (see [25] §11.5]). Following standard
2-categorical practice, we sometimes write simply Ao or fo
instead of id4 o o or idf o o, and similarly for composition
on the other side.

Every 2-category C has three duals, corresponding to re-
versing just the 1-cells, just the 2-cells, or both. C°P has
C°P(A, B) := C(B, A), so just the 1-cells are reversed. C*°
has C®°(A, B) := C(A, B)°P, so just the 2-cells are reversed.
C°°P has C*°(A, B) := C(B, A)°P, so both 1-cells and 2-cells
are reversed.

As indicated above, the prototypical example is Cat: the
objects are functors, the 1-cells are functors, and the 2-cells
are natural transformations.

Definition A.2. A 2-functor F : C — D is a mapping on
objects, 1-cells, and 2-cells which preserves both horizontal
and vertical composition, so that F(go f) = F(g) o F(f) and
F(id4) = idpa on l-cells, and F(7 0 0) = F(7) o F(0),
F(rxo)=F(r)* F(0), and F(ids) = idps on 2-cells.

When considering functors between monoidal categories,
there are four grades of strictness we can ask for: strict,
pseudo (strong), lax, or oplax. The same applies for morphisms
between 2-functors.

Definition A.3. Let F, G : C — D be 2-functors. A lax natural
transformation o : F' — G consists of a 1-cell o¢ : FC —
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GC for each C' € C together with, for every 1-cell f : C' — C’
in C, a 2-cell oy witnessing the naturality as shown below:

rFc L por
| B |oe
GC —— GC'

This is required to satisfy unit and associativity laws, and be
natural in f. An oplax natural transformation is a transfor-
mation in C°: the 2-cell oy is reversed. A pseudonatural
transformation is a transformation in which every oy is an
isomorphism. A strict (or 2-natural) transformation is one in
which every o is the identity.

Transformations play the same role as natural transforma-
tions in category theory. Since 2-category theory has an extra
layer of data, there is an extra form of morphism. We state
the definition for lax natural transformations; corresponding
definitions hold for oplax, pseudo, and strict transformations.

Definition A4. Let 0,7 : I — G : C — D be lax natural
transformations. A modification T : ¢ — 7 consists of a 2-cell
T'c : oc = 7¢ for each C' € C, subject to an axiom making
it compatible with the 2-cells oy and 7.

For any 2-categories C and D, we therefore obtain four 2-
functor categories. For each w € {st, ps, Ix, oplx} there is a
2-category [C, D], with objects the 2-functors C — D, 1-cells
either the strict, pseudo, lax, or oplax transformations, and
2-cells the modifications.
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